Abstract. For the noncrystallographic Coxeter groups of type H, we construct their Gröbner-Shirshov bases and the corresponding standard monomials.
Introduction
The object in this paper is the symmetry group of a four-dimensional regular polytope, the 120-cell or its dual, the 600-cell. We note that this is among a general class of groups, so called, the Coxeter groups. They appear naturally in geometry and algebra. In 1935, the finite Coxeter groups were classified by Coxeter in terms of Coxeter-Dynkin diagrams [11] . Contrary to the crystallographic Coxeter groups, we remark that the root systems of type H k (k = 2, 3, 4) and the affine extensions of the Coxeter groups of type H are related to the structure of quasicrystals with five-fold symmetry [10, 18] . Quasicrystals are metalic alloys whose diffraction pattern consists of pure point peaks. Quasicrystal with five-fold rotational symmetry of diffraction pattern was discovered around mid 1980's by Dan Shechtman.
Our approach to understanding the structure of Coxeter groups is the noncommutative Gröbner basis theory, which is called the Gröbner-Shirshov basis theory. The theory of Gröbner-Shirshov bases provides a powerful tool for understanding the structure of (non)associative algebras and their representations, especially in computational aspects. With the ever-growing power of computers, it is now viewed as a universal engine behind algebraic or symbolic computation.
The effective notion stems from Shirshov's Composition Lemma and his algorithm [20, 21] for Lie algebras and independently from Buchberger's algorithm [9] of computing Gröbner bases for commutative algebras. In [2] , Bokut applied Shirshov's method to associative algebras, and Bergman mentioned the diamond lemma for ring theory [1] .
The Gröbner-Shirshov bases for finite dimensional simple Lie algebras were completely determined by Bokut and Klein [4, 5, 6] . The cases for affine Kac-Moody algebras were calculated in [19] . For basic classical Lie superalgebras of types A, B, C, D and their universal enveloping algebras, Bokut et al. developed the corresponding theory and gave an explicit construction of Gröbner-Shirshov bases [3] . Moreover, exceptional Lie superalgebras were treated in [15] .
For crystallographic Coxeter groups of classical and exceptional types, their Gröbner-Shirshov bases were constructed in [7, 14, 16, 17, 22] . In this paper, we deal with the noncrystallographic Coxeter group of type H 4 . By completing the relations coming from a presentation of the Coxeter group, we find a Gröbner-Shirshov basis to obtain the set of standard monomials. Thus the operation table between 11400 standard monomials follows naturally.
(c) The set of S-standard monomials forms an F-linear basis of the algebra A = F X /I defined by S.
Definition 2.7. A subset S of monic elements in F X is a Gröbner-Shirshov basis if S satisfies one of the equivalent conditions in Theorem 2.6. In this case, we say that S is a Gröbner-Shirshov basis for the algebra A defined by S. 
Coxeter groups of types
Then the group algebra C[G] is isomorphic to C s 1 , s 2 /I, where I is the two-sided ideal generated by R in the free associative algebra C s 1 , s 2 . From now on, we identify C[G] with C s 1 , s 2 /I. We say that the algebra C[G] is defined by R.
Since the number of R-standard monomials is 10, the dimension of C[G], we know that R is already a Gröbner-Shirshov basis for C[G]. In this way, we check that all possible compositions reduce to 0. Therefore, the set of relations R is closed under composition. is the longest element in G, which is of length 15, the number of positive roots in a root system of type H 3 . (4) The full icosahedral group G contains the icosahedral group as a normal subgroup of index 2. Note that the subgroup of rotational symmetries of a regular icosahedron is isomorphic to the 5th alternating group A 5 of order 60. Since the elements of A 5 are of even degree, we have an explicit monomial expression for 60 elements of the icosahedral group.
(5) An algorithm using rewriting rules is sketched for obtaining complete presentations of Coxeter groups [8, 13] .
(6) A noncrystallographic root lattice induces a quasicrystal structure, using the cut and project method, which realizes the structure as a projection of a certain strip by a root map in a higher dimensional lattice [10] .
Main results for H 4
Let G be the Coxeter group of type H 4 , and take the complex field C as our base field. Then the group algebra C[G] is generated by four elements s i (i = 1, 2, 3, 4) with the defining relations:
We define our monomial order to be the degree-lexicographic order with s 4 > s 3 > s 2 > s 1 . Combining the above relations, we get six braid relations:
We denote by R the set of relations (4.1) and (4.3) , that is,
Note that the group algebra C[G] is isomorphic to C s 1 , s 2 , s 3 , s 4 /I, where I is the two-sided ideal generated by R in the free associative algebra C s 1 , s 2 , s 3 , s 4 .
Lemma 4.1 ([7]). The following relations hold in
A reducible monomial is called minimal if its every proper submonomial is not reducible. Our strategy to find relations is considering all minimal reducible monomials until we obtain the smallest set of standard monomials. We check the relations in order of the degree of a monomial, one by one. While the leading monomial of the above relation (b) is not minimal, we are writing explicitly for subsequent computations. (b) The relation (a) is multiplied by a reflection s 1 from the right to produce the relation (b) after the commutativity of s 1 with s 4 s 3 is applied.
(c) This is just from the multiplication of (b) by s 2 from the right. (d) Multiplying (c) by s 3 from the right and using s 3 s 2 s 3 = s 2 s 3 s 2 and s 4 s 2 = s 2 s 4 , we get our relation.
(e) This relation follows from multiplying (c) by s 1 from the right. (f) We multiply the previous relation by s 3 from the right and use the commutativity and the braid relation, giving us the relation.
(g) This is from the multiplication of (f) by s 2 . 
Proof. Each relation is obtained from Lemma 4.4 (b), Lemma 4.6 (a), Lemma 4.7 (a), Lemma 4.8 (a), respectively, and followed by s Finally, we consider the relation of the longest length in our Gröbner-Shirshov basis computation. is the longest element in G, which is of length 60, the number of positive roots in a root system of type H 4 .
